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Abstract. We present results of application of the density functional theory (DFT) to adsorption and desorption
in finite and infinite cylindrical pores accounting for the density distribution in radial and axial directions. Capillary
condensation via formation of bridges is considered using canonical and grand canonical versions of the 2D DFT.
The potential barrier of nucleation is determined as a function of the bulk pressure and the pore diameter. In the
framework of the conventional assumptions on intermolecular interactions both 1D and 2D DFT versions lead to
the same results and confirm the classical scenario of condensation and evaporation: the condensation occurs at the
vapor-like spinodal point, and the evaporation corresponds to the equilibrium transition pressure. The analysis of
experimental data on argon and nitrogen adsorption on MCM-41 samples seems to not completely corroborate this
scenario, with adsorption branch being better described by the equilibrium pressure – diameter dependence. This
points to the necessity of the further development of basic representations on the hysteresis phenomena.
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Introduction

In the last decades a significant progress was achieved
to provide deeper insight of the adsorption mecha-
nism in micro and mesoporous adsorbents using nu-
merical experiments (Suzuki et al., 1997; Maddox
et al., 1997; Ravikovitch et al., 2000; Ravikovitch
et al., 2001) and density functional theory (DFT)
(Lastoskie et al., 1993; Olivier, 1995; Neimark et al.,
1998; Neimark and Ravikovitch, 2001; Ravikovitch et
al., 2001; Ravikovitch and Neimark, 2001). Both meth-
ods are in agreement with each other and with classical
approaches like that of Broekhoff and de Boer for pores
wider than 7 nm (Neimark and Ravikovitch, 2001). The
appearance of highly ordered mesoporous adsorbents
like MCM-41 with controlled pore size independently
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determined by the X ray diffraction method has played
an important role in the justification of the molecular
approaches. Nevertheless, some features of the hystere-
sis phenomenon are not comprehensively explained so
far. The hysteresis loop is wider than that theoretically
predicted, and the reversible part of the isotherm is
markedly longer compared to the result obtained by
the theories. It is natural to explain this contradiction by
overcoming a potential barrier between the metastable
adsorption branch of the isotherm and the equilibrium
desorption branch corresponding to complete filling
of the pore volume (Neimark and Vishnyakov, 2000;
Vishnyakov and Neimark, 2003). The pore filling oc-
curs via formation of bridges, which was not system-
atically considered by means of DFT. So far the DFT
has been mainly applied to systems with homogeneous
density distribution in two directions. Our aim is to
adapt the DFT to cylindrical pores accounting for the
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density distribution along the radial and axial direc-
tions. It will allow us to consider the mechanism of con-
densation and evaporation in finite and infinite pores
in canonical ensemble and the mechanism of nucle-
ation by grand canonical version of the two dimensional
DFT.

Model

We use the Tarazona’s formulation of the smoothed
density approximation (Tarazona, 1985), the
Carnahan—Starling equation of state (CS EOS) for the
equivalent hard sphere fluid (Carnahan and Starling,
1969) and the Weeks—Chandler—Andersen (WCA)
scheme for the intermolecular interactions (Weeks et
al., 1971). The WCA scheme is also used for calcu-
lation of the attractive fluid—solid potential, which is
justified with reference to amorphous silica-like solids
providing quantitative description of nitrogen and
argon isotherms on non-porous silica at their boiling
points. The latter is important condition of reliable pre-
diction of the isotherms in cylindrical pores of different
diameters having the same surface chemical structure
as that of the reference non-porous solid. In order to
account for the density distribution along radial and
axial directions we divided corresponding coordinates
into equal segments having thickness of one tenth of
the collision diameter, so that the fluid and the solid
were represented by a set of concentric rings. The
mass of such a ring inside the pore is proportional to
the fluid density at given radius and z-coordinate. The
3-parametric discrete set of Tarazona’s weighted func-
tions and that of WCA potentials were defined for each
pair of rings as a function of their radii and the differ-
ence of z-coordinates. The density profile is determined
by minimization of the grand thermodynamic potential
in grand canonical ensemble and by minimization of
the Helmholtz free energy in canonical ensemble.

Discussion

In this section we present some results for calculation
of argon adsorption in cylindrical pores of MCM-41
adsorbents at 87.3 K. To model infinitely long pore
we used a simulation cell of 25 collision diameters.
Boundary conditions on the two cross sections were
defined as mirror images. In the case of finite pore
we accounted for the outer flat surface of infinite ex-
tent, which was modeled by the circle having radius 15

collision diameters with mirror image on the bound-
ary. The cell included the segment under the flat outer
surface surrounding the pore entrance having width of
5 times the collision diameter. The adsorption mecha-
nism was investigated in canonical and grand canonical
ensemble.

Canonical Ensemble for Infinite Cylindrical Pore

The canonical version of DFT is destined to the anal-
ysis of adsorption in pores with specified amount ad-
sorbed. The iteration procedure of minimization of the
Helmholtz free energy is described in our previous pa-
per (Ustinov and Do, 2003). In order to provoke nucle-
ation and cavitation in the proximity of corresponding
spinodal points a small surface heterogeneity was in-
troduced. An example of argon adsorption isotherm is
shown in Fig. 1.

The equilibrium transition pressure (p/p0 = 0.42)
corresponds to vertical line BH. The section BCD is
the metastable adsorption branch. At the vapor-like
spinodal point D the adsorbed phase splits into two
sections separated by a semispherical meniscus. The
pressure jumps to the equilibrium transition pressure
(point E) and remains constant with further increase of
the amount adsorbed. The vapor-like section shrinks
up to small bubble, which eventually looses its sta-
bility in the point F followed by its disappearance
and the formation of the continuous liquid-like phase.
The pressure jumps to the point G, corresponding to
the stretched liquid. Further increase of amount ad-
sorbed leads to the increase of the bulk pressure. Dur-
ing desorption in canonical ensemble the isotherm for
the first period goes along the curve MLHGN. At the

Figure 1. Argon adsorption isotherm in cylindrical pore of 4 nm
diameter at 87.3 K.
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liquid-like spinodal point N the adsorbed phase repre-
sents the mostly stretched liquid. The hydrostatic pres-
sure at the pore axis is −314 atmospheres, which is
exactly the minimal pressure on the pressure—density
dependence obtained by the CS EOS combined with
the WCA equation for homogeneous argon at 87.3 K.
Thus, a small decrease in the adsorbed average density
leads to the break of the adsorbed phase and its split
into the liquid-like and the vapor-like sections sepa-
rated by the semispherical meniscus. In the range be-
tween points O and P the vapor—liquid coexistence
occurs at nearly constant pressure coincided with the
equilibrium transition pressure.

In the point P the liquid-like phase presents a rela-
tively thin bridge having width about 5 collision diam-
eters, which is the limiting case of its mechanical sta-
bility. The decrease of its thickness immediately leads
to its disappearance with the formation of the liquid
film homogeneously distributed along the pore axis.

Canonical Ensemble for Finite Cylindrical Pore

We now turn our attention to finite pores. Figure 2
shows the density distribution in the vicinity of the en-
trance of cylindrical pore of 4 nm in the form of contour
lines. The contour lines correspond to constant values
of the reduced density ρσ 3

f f within the range from 0 to
1 with an increment of 0.1.

Figure 2(a) corresponds to the vapor—liquid coex-
istence at the pressure, which is very close to the equi-
librium transition pressure. While Fig. 2(b) shows the
liquid film just after the evaporation of the liquid ar-
gon from the core of the pore. In the range of the
amount adsorbed where the vapor-like and the liquid-
like phases are in coexistence the adsorption and des-

Figure 2. Density distribution during capillary evaporation of argon from the finite pore of 4 nm diameter. p/p0 (a) 0.434; (b) 0.495.

orption branches of the isotherm are exactly reversible
at the equilibrium transition pressure. It corroborates
the classical scenario that the capillary evaporation oc-
curs at equilibrium transition pressure, while the ad-
sorption branch passes through the vapor-like spinodal
point. If the pore is long enough and is considered as
an open system (grand canonical ensemble), the ad-
sorption branch is ABCDLM, and desorption branch of
the isotherm is MLHBA. Hence, the hysteresis loop is
represented by the closed curve BCDLHB. However,
the comparison of the theoretical result with experi-
mental data reveals some disagreements. The width of
the experimental hysteresis loop is markedly less than
that predicted by the DFT, and the reversible part of the
isotherm is longer than that predicted by the theory. It
may be explained by the possibility of overcoming the
potential barrier during adsorption at a lower pressure
than the vapor-like spinodal point. This phenomenon
cannot be investigated in canonical ensemble, since the
pressure of the vapor—liquid coexistence is very close
to the equilibrium transition pressure even in the limit-
ing case of the smallest mechanically stable bridge. It
means that in the canonical ensemble we are not able
to vary the pressure in the region between the equilib-
rium transition point and the vapor-like spinodal point,
which makes us to turn to the grand canonical version
of the 2D DFT.

Grand Canonical Ensemble for Infinite
Cylindrical Pore

If the bulk pressure is less than that for the spinodal
point there is a potential barrier, which separates the lo-
cal and global minima of the grand thermodynamic po-
tential. Thus, despite the complete filling of the pore is
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thermodynamically favorable at pressures higher than
the equilibrium transition pressure, the potential barrier
could prevent the capillary condensation to occur. Such
a barrier may be overcome due to the density fluctua-
tions, surface roughness or the energetic heterogeneity.
In all cases the spontaneous pore filling starts from the
appearance of a nucleus. We proceed from the assump-
tion that the mechanism of the nucleation is not crucial
in terms of the form of the potential barrier. It allows
us to use an external potential field in the form of the
Gaussian function:

uext = λ√
2πδ

exp[−(z − z0)2/(2δ2)] (1)

The only requirement is that the standard deviation δ

should be sufficiently small. Here we used the value
of one collision diameter. Imposing of the external po-
tential field leads to the rearrangement of the density
distribution in the vicinity of the coordinate z0, which
is associated with the work to be done for such a re-
arrangement. This work is attributed to the potential
barrier and calculated as the difference between inter-
action potentials of the adsorbed fluid with the external
field before the rearrangement has started (homoge-
neous axial distribution) and after the establishment
of equilibrium state. The critical potential barrier that
provokes the spontaneous pore filling is determined by
tuning of the multiplier λ in Eq. (1).

The critical density distribution at p/p0 = 0.45 just
before the capillary condensation of argon in the pore
having diameter 4 nm is presented in Fig. 3.

It is seen from the figure that the critical nucleus
has the form of bump rather than bridge, which is con-

Figure 3. Nucleation induced by the external field. (Left plot) the density distribution at p/p0 = 0.45 and D = 4 nm before the condensation.
(Right plot) the dependence of the potential barrier on the bulk pressure. The pore diameter (nm): (◦) 3.54, (•) 4.0, (�) 4.53, (�) 5.0. Vertical
lines correspond to equilibrium transition pressures.

firmed by a number of investigators (see Vishnyakov
and Neimark, 2003 for the review). The density in the
pore center is only 0.314 mmol/cm3, which is about 110
times less than the density of liquid argon. Right plot
in the figure presents the dependences of the potential
barrier on the bulk pressure for different pore diame-
ters. It is unknown exactly what is the smallest barrier,
which could be overcome due to the density fluctua-
tions. However, since the argon adsorption isotherm is
reversible for the pore diameter of 3.54 nm, one can
suggest that it exceeds 20 kT . Let this critical barrier
be of 22 kT (dashed line in the figure). In this case the
point of intersection of the dashed line and a descend-
ing curve corresponds to the condensation pressure.

Some Unresolved Problems

The appearance of highly ordered mesoporous mate-
rials like MCM-41 gave an excellent opportunity to
check different theories, since the pore diameter may
be independently determined by XRD method. Some
experimental data are generalized in Fig. 4. Prediction
of the adsorption isotherm in the pore of known diam-
eter requires knowledge of the specific surface area of
a reference nonporous system having the same chemi-
cal structure. This is because the molecular parameters
for the solid—fluid interaction may be determined by
tuning them to provide the best fit of experimental data
for the nonporous solid. Unfortunately, the BET sur-
face area is extremely uncertain. It allows us to use the
surface area as an additional adjusting parameter. We
relied on N2 and Ar adsorption isotherms at their boil-
ing points on amorphous silica LiChrospher Si-1000
(Jaroniec and Kruk, 1999; Kruk and Jaroniec, 2000).
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Figure 4. The dependence of condensation pressure (open circles) and evaporation pressure (filled circles) on the pore diameter. Left plot: N2

adsorption in MCM-41 at 77 K (Kruk and Jaroniec, 2001). Right plot: Ar adsorption at 87.3 K (Kruk and Jaroniec, 2000). Explanations are in
the text.

We found that the experimental dependence of the con-
densation pressure on the pore diameter may be fitted
only by the theoretical dependence obtained for the
equilibrium transition pressures. Fig. 4 presents these
fits for N2 and Ar.

Solid lines are calculated by the DFT as equilibrium
transition curves in case of the specific surface area of
nonporous silica equals to 24 m2/g. Note that this sur-
face area is the same for nitrogen and argon adsorption,
which provides the self-consistency of the approach.
The dash-dotted line is plotted for the surface area of
19.65 m2/g. Thus, the variation of the surface area just
shifts the curve along the pressure axis, which makes
impossible to match this curve with the experimen-
tal evaporation pressure—diameter dependence. Sim-
ilarly, the dependence of pressure for spinodal points
on diameter by no means could be matched with the
adsorption branches of the isotherms. What it means
is that the capillary condensation seems to occur at
true equilibrium, while the metastable state on desorp-
tion branch precedes the capillary evaporation. Such a
mechanism is not supported by the classical scenario
and cannot be explained in the framework of the sim-
plest molecular model used in the DFT and molecular
simulations. Further investigations are required.

Conclusion

A version of the non-local density functional theory
accounting for the density distribution along the radial
and axial directions is an effective tool for analysis of
adsorption in cylindrical pores, mechanism of capillary
condensation and evaporation, nucleation and cavita-
tion. We showed that the nucleation is associated with

the formation of bumps rather than bridges. Applica-
tion of the approach to finite pores has confirmed the
classical scenario of equilibrium evaporation. Never-
theless, experimental data seems to show that the ad-
sorption branch of the isotherm is very close to the true
equilibrium. Further investigations are needed.
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